This article investigates the stability of a generic Kasner spacetime to linear perturbations, both at late and early times. It demonstrates that the perturbation of the Weyl tensor diverges at late time in all cases but in the particular one in which the Kasner spacetime is the product of a two-dimensional Milne spacetime and a two-dimensional Euclidean space. At early times, the perturbation of the Weyl tensor also diverges unless one imposes a condition on the perturbations so as to avoid the most divergent modes to be excited. 
I. INTRODUCTION
The formalism of cosmological perturbations about a Bianchi I universe with a scalar field was only developed recently in Refs. [1, 2] and in Ref. [3] for the subcase of axisymmetric spacetimes. In such anisotropic inflationary models, the shear is always dominating at early time so that the universe behaves as a Kasner spacetime. It was realized that this anisotropic early era has an important signature since gravity waves are amplified during this era [2, 4] . Indeed, this stage is usually short and this instability is transient.
However this has led to question the stability of a pure Kasner universe [4] . The Kasner spacetimes [5] are vacuum solutions of the Einstein field equations. They describe universes which are spatially homogeneous and Euclidean but with an anisotropic expansion. They play an important role in cosmology since they are a key structure in the discussion of the dynamics of spatially homogeneous spacetimes close to the singularity. Belinsky, Khalatnikov and Lifshitz [6] [7] [8] and Misner [9] investigated the nature of the cosmological singularity by means of a Bianchi IX model, whose temporal behaviour toward the singularity was shown to be described by a sequence of anisotropic Kasner era. This has led to the mixmaster picture [9] and the idea of the cosmic billiard [10] that can offer a description of the geometry of the universe prior to inflation.
The stability of this picture was already adressed in Ref. [6] and later numerically in Refs. [11] [12] [13] . Only recently was it revisited [4] in light of the recent develop- * Electronic address: cyril.pitrou@port.ac.uk † Electronic address: uzan@iap.fr ments concerning Bianchi I universe perturbations [1] [2] [3] in the particular case of a Kasner universe with an axial symmetry, but no general study of the stability to linear perturbations of a Kasner spacetime with arbitrary exponents has been performed yet. This is the goal of this article.
We limit our analysis to the study of the stability of the Kasner spacetime to linear perturbations. Indeed, this can exhibit some instabilities but does not allow to demonstrate the general stability when no instability is exhibited at linear order in the perturbations. For instance, the stability of the Minkowski spacetime to linear perturbation is an easy exercise while the general proof of stability is extremely challenging [14] . Also some spacetimes may be unstable to a particular class of perturbations while stable in other cases. For instance, the Einstein static universe was shown to be unstable with respect to spatially homogeneous and isotropic perturbations [15] while it was then understood that the issue was not that simple when Harrison [16] demonstrated that all physical inhomogeneous modes are oscillatory if the matter content was a radiation fluid, while Gibbons [17] demonstrated the stability against conformal metric perturbations when the matter content was a fluid with sound speed larger that 1 5 . Finally [18] , it was shown that the Einstein static spacetime is neutrally stable against small inhomogeneous vector and tensor perturbations and neutrally stable against adiabatic scalar density inhomogeneities as long as the condition exhibited by Gibbons holds, and unstable otherwise. Our analysis is somehow simplified by the fact that the Kasner spacetimes are empty so that we need no assumption on the matter content or on the type of perturbations considered. Once the evolution of the linear perturbation is determined, in a gauge invariant formalism to ensure that no gauge mode can spoil the conclusion, we compute the invariants of the metric and compare them to those of the background. Again, since the Kasner spacetime is empty, only the square of the Weyl tensor has to be considered. This ensures that the conclusion is not affected by the choice of gauge or coordinates system.
In this article, we consider the perturbation theory around generic Kasner spacetimes, as described in § II, in order to discuss their stability. First, in § III, starting from the general formalism we developed in Refs. [1, 2] , we show that for a vacuum spacetime only two perturbations are propagating, as expected. We then exhibit some asymptotic analytical solutions for the behaviour of the perturbations in § IV which allow to discuss the stability at late and early times in the generic case. In § V, we consider the axially symmetric case considered in Ref. [3] , mostly in order to discuss the agreement with this previous analysis.
II. BACKGROUND SPACETIME
A. Definitions
We consider a Kasner spacetime, that is a Bianchi I universe with metric usually written in terms of the cosmic time t as
for the vacuum, where S is the volume averaged scale factor and γ ij (t) the metric on the constant time hypersurfaces. The vacuum Einstein equations imply thaṫ H = −3H 2 , from which we deduce that the averaged Hubble parameter is
It is easily integrated to deduce that S(t) = S 0 (t/t 0 ) 1 3 and we can always set S 0 = 1. The Kasner metric can then be shown to be of the form
with the coefficients p i satisfying the constraints 4) that are fulfilled if
̟ varies in an interval of length 2π/3 and we always have
but it is enough to let it vary in ̟ ∈]π/6, π/2[, which always ensures that p 1 ≤ p 2 ≤ p 3 (see Fig. 1 ). The two limiting cases ̟ = ] so that p1 ≤ p2 ≤ p3.
} and p i = {0, 0, 1} respectively, correspond to space-times with an extra axial symmetry so that p 2 = p 3 or p 2 = p 1 .
It is thus clear that the spatial metric is explicitely given by
The q i are explicitely given by
We also define the useful parameterisation
We define the conformal time η from dt ≡ Sdη, and the metric (2.1) can then be recast as
From the previous analysis, we have η = We easily deduce that
(2.13) We define the comoving Hubble parameter by H ≡ S ′ /S, where a prime refers to a derivative with respect to the conformal time so that
The shear tensor is defined as
and thus
and the Einstein equations imply that the shear satisfies
We also define the shear in cosmic time bŷ
The Kasner spacetime is a vacuum solution of Einstein equations and this implies that
It is thus only characterized by its Weyl tensor, both at the background and perturbation level. The Weyl tensor has just two types of non-vanishing components which are the C 0i 0j and the C 0i jk . The former are related to the components of the type C ij kl (thanks to the traceless conditions) and to the electric part of the Weyl tensor. The latter are related to its magnetic part, and it vanishes for the background Kasner spacetime. The only nonvanishing components of the background Weyl tensor are thus expressed as
20)
where [ij] refers to the antisymmetrisation of indices such that for an antisymmetric tensor X ij = X [ij] (and similarly later on, (ij) refers to the symmetrisation of indices such that for a symmetric tensor X ij = X (ij) ). These Weyl components are explicitely given by 24) and it is easy to notice explicitely that these two types of components are not independent and are related thanks to Eq. (A6). We thus obtain that C 2 ≡ C µνρσ C µνρσ is given by
where in the last equalities, I can take any of the values 1, 2, 3. The function C 2 is given by [using Eq. (2.12)]
The Weyl tensor and his algebraic properties are used to classify spacetimes by their Petrov type. Defining the tracefree symmetric rank-2 tensor Q ij = −E ij − iH ij in terms of the electric (E ij ) and magnetic (H ij ) parts of the Weyl tensor, provides a way to classify the Weyl tensors [19] . For a Kasner spacetime, since the magnetic part of the Weyl tensor vanishes we obtain
The eigenvalues λ i of Q 
III. PERTURBATION THEORY IN A KASNER SPACETIME
The Kasner spacetime being a particular case of Bianchi universe, the study of the evolution of the perturbations derives simply from our previous formalism [1, 2] that we specialize to the vacuum, using that S ′′ /S = −1/(4η 2 ) so that H ′ = −2H 2 and the property (2.16).
A. Generalities
Following the formalism developed in Refs. [1, 2] , we consider the general metric of an almost Bianchi I space-time,
B i and h ij can be further decomposed into scalar, vector and tensor components as
We then construct the gauge invariant quantities and define the conformal Newtonian gauge by the conditions
so that
We also introduce the extremely useful variable [20] 
The tensor variableẼ ij is readily gauge invariant. At this stage, we are left with 10 − 4 = 6 degrees of freedom: two scalars (Φ and Ψ), two vectors (Φ i ) and two tensors (Ẽ ij ). Contrary to the perturbation theory around a spatially homogeneous and isotropic spacetime [20] , the three types of perturbations do not decouple.
As we shall now see, the perturbation equations will exhibit four constraints so that only two dynamical degrees of freedom related to the gravity waves remain, as in Minkowski or de Sitter spacetimes.
B. Mode decomposition
The perturbation equations are conveniently written in Fourier space and we decompose any quantity in Fourier modes as follows. Using the Cartesian comoving coordinates system {x i } on the constant time hypersurfaces, we decompose any scalar function as
The comoving wave co-vectors k i are constant, k ′ i = 0. We now define k i ≡ γ ij k j which is now time-dependent and explicitely given by
For any mode k i , a basis {e 1 , e 2 } of the subspace perpendicular to k i can be constructed from the natural Cartesian basis as (see Appendix A of Ref. [2] for the details of the construction)
with
The three Euler angles (α, β, γ) depend on time and are explicitely given by
The previous relations determine β(η) and γ(η). The requirement that {e 1 , e 2 } remains orthogonal to k i imposes that
which can be rewritten as
which determines α(η) up to an integration constant. The vector and tensor modes can then be decomposed respectively as
where the polarisation tensors have been defined as
The perturbation equations in Fourier space involve the components of the decomposition of the shear on the basis {k, e 1 , e 2 }. Since it is a symmetric trace-free tensor, it can be decomposed as
This decomposition involves 5 independent components of the shear in a basis adapted to the wavenumber k i . We must stress however that (σ , σ V a , σ T λ ) must not be interpreted as the Fourier components of the shear, even if they explicitely depend on k i . This dependence arises from the local anisotropy of space. A similar decompositon for Σ ij defines the coefficients (Σ , Σ V a , Σ T λ ) and we obtain from Einstein equation in vacuum that it must satisfy the constraint
which is independent of k i . The equation of evolution of the shear (2.17) implies that
where the matrix M λ ab is defined by
The equation (3.20) can be inverted to get
The last equation implies, using Eq. (3.19) , that
We use the equations derived in Refs. [1, 2] when applied to the particular case of a vacuum solution (so that v → 0).
The two scalar perturbations are explicitely obtained from the tensor modes as
We then deduce that Ψ is given by
while the second Bardeen potential is then given by
The vector mode is then given by
This shows that the scalar and vector modes are obtained algebraically from the tensor modes, which are the only degrees of freedom that propagate. Using the shorthand notation (1 − λ) for the opposite polarisation of λ, i.e. meaning that if λ = +, then (1 − λ) = ×, and vice-versa, and introducing
we have
The general solution of this linear equation can always be obtained in terms of four transfer functions as
37) where a λ ′ (k i , η 0 ) and b λ ′ (k i , η 0 ) are the initial conditions. The notations ↓ and ↑ refer respectively to a decaying and a growing mode. When the two polarisations are decoupled (which is the case asymptotically at early and late times, as we whall see below) then we only have two transfer functions to consider T
since the transfer of power from one polarisation to the other is negligible. Similarly we define transfer functions for Ψ, X and Φ a by
E. Summary
In conclusion, for a given model, one can determine (Σ , Σ V a , Σ Tλ ) for each mode k i and then solve Eq. (3.36) for the gravitational waves. One can then deduce Φ, Ψ and Φ a algebraically. As expected, only two degrees of freedom can propagate. The existence of the vector and tensor modes arises from the fact that isotropy is violated so that the SVT modes do not decouple. The Kasner case, being a vacuum solution, is thus simpler than the Bianchi I case studied in Refs. [1, 2] .
IV. STABILITY ANALYSIS A. Generalities
In full generality, the stability analysis requires first to solve Eq. (3.36) to determine the four transfer functions defined in Eq. (3.37). This allows to evaluate the effect of the perturbations on the square of the Weyl tensor, which is by construction independent of the choices of gauge and coordinates system. We thus introduce
whereC 2 is the background value of C 2 given in Eq. (2.25) such that at the background levelΞ = 1, and at the perturbed level up to second order we have when
The perturbation of Ξ at first order in the perturbations, Ξ (1) (x, η), can be decomposed in Fourier modes as
In order to assess the behaviour of C 2 at early and late time, we assume that at an arbitrary initial time η 0 the initial conditions for the two modes defined in Eq. (3.37) are such that (1) they are not correlated, 5) and that (2) they have the same initial power spectrum,
The initial power spectrum is an unknown function of the comoving wave-vector k i . It is clear that
at all time. This is indeed not the case for the perturbation of Ξ at second order in perturbations, Ξ (2) (x, η), since it is quadratic. The previous definitions allow to compute that at lowest order Ξ(x, η) = Ξ (2) (x, η) with
and we define
The function Ξ
λ (k, η) can in principle be expressed in terms of the transfer functions that appear in Eq. (3.37) and in terms of the coefficients Σ (k, η)...
From a numerical point of view, the situation is thus clear but very time consuming. It is also unnecessary to solve the evolution equations in their full generality since we are interested in the asymptotic behaviour of Ξ (2) (x, η) when η/η 0 → +∞ or η/η 0 → 0. In these two regimes, the wave numbers tend to focus along a principal axis since [see Eq. (3.9)]
We shall thus discuss the dynamics of the perturbations when their mode is aligned along a principal axis ( § IV B) and their contribution to Ξ
λ (k, η) ( § IV C). These two steps can be performed completely analytically so that we can then discuss the general behaviour of Ξ (2) (x, η) at late time ( § IV D) and early time ( § IV E).
B. Dynamics of the perturbation for modes aligned along a principal axis
General behaviour
We assume that only one of the components of the 
where we have defined
which is explicitely given by
The scalar perturbations are then given algebraically by 
The only equations to solve are Eqs. (3.36) for the gravity. They decouple for each polarisation and lead to the system and ν × I is depicted on Fig. 2 (note that ν × I is always nonnegative while Σ T + can be negative). It is then clear that
so that the two Bardeen potentials are given by
If follows that for these particular modes, the solution of the dynamics is obtained completely analytically. Figures 3 give an example of the behaviour of the tensor and scalar modes.
Late time behaviour
The late time behaviour of the perturbations can be easily understood using the large argument expansions (C3) and (C5) of the Bessel functions, since
It follows that the late time behaviour is in general of the form 
Early time behaviour
Asymptotically, the dominant term of the wavevector is aligned along the direction expanding the fastest, i.e i = 3. The two polarisations behave differently because ∆ 3 = 0. Using the small argument expansions (C4) and (C7) of the Bessel function, we obtain that, since 1 − Q 3 ≥ 0, when η → 0
These expressions hold as long as Q 3 = 1, that is for ̟ = π 2 , a particular case that is discussed in Appendix B. The transfer functions for the + polarisation behave as
C. Weyl tensor evolution for modes aligned along a principal axis
For these modes, the expressions of Ξ
λ (k, η) and Ξ (2) λ (k, η) turn out to simplify greatly and can be expressed in terms of the dimensionless parameter
λ (k, η) can be expressed in terms of the two transfer functions and their first derivatives as The second order Ξ (2) can be expanded as
with the same conventions as for Ξ (1) . The eight coefficients f , i.e. with {qi} = (−1/ √ 3, 0, 1/ √ 3)) for the modes aligned with the axis 1 (dotted), 2 (dashed) and 3 (solid), assuming that kI η0 = 1. At late time (η → ∞), only the growing mode dominates and we can safely neglect the decaying mode since it would only lead to a redefinition of the phase ϕ ∞ ; see Eq. (4.31). As can be concluded from the evolution (4.11) of the wave number, the parameter x defined in Eq. (4.36) behaves as
which is always a growing function of η (remember q 1 < 0 and thus Q 1 < 0; see Fig. 1 ). We thus need to take the limit when x → ∞ of the transfer functions T ↑ λ and of their derivatives. From Eq. (4.31), we conclude that
it implies that, at leading order in x,
Using the expansion (4.39), we conclude that
This expression is valid for any Kasner spacetime but for the particular case ̟ = π 2 that is discussed in Appendix B (since in that case
which is unbounded at late time.
E. Asymptotic behaviour at early times
As can be concluded from the evolution (4.12) of the wave number, the parameter x defined in Eq. (4.36) behaves, when η → 0, as
which is always a decreasing function of η (except if ̟ = π 2 , see Appendix B for that particular case). It follows that we need to evaluate the limit x → 0 of the transfer functions. At early time, one can however not disregard the decaying mode since it diverges faster when η → 0. The expression (4.39) behaves as
In order to determine the behaviour of the transfer functions, we consider two cases. First, if we consider only the growing mode [i.e. a λ = 0 and b λ = 0 in Eq. (3.37)] then we deduce from the expressions (4.32) and (4.35) of the transfer functions that
At leading order, the contributions of the two polarisations to Ξ (2) are thus 
+ (k I , η) → const. Thus, the contribution of the growing mode leads to a bounded contribution to Ξ (2) . On the other hand, if we consider the decaying mode [i.e. a λ = 0 and b λ = 0 in Eq. (3.37)], i.e. the most diverging mode when x → 0, then
We conclude that at leading order the contributions of the two polarisations to Ξ (2) are 
During the cosmic evolution, for any modes, the components of the shear evolve from an early value corresponding to the situation of the mode being aligned to the third spatial axis (index I = 3) to a situation corresponding to the mode being aligned to the first spatial axis (index I = 1). This dynamics arises from the fact that the Euler angles are not constant over time and that β evolves from 0 to It follows that the asymptotic behaviour of the perturbation of the Weyl tensor can be discussed by looking at these two particular regimes. Figure 5 shows how a numerical solution interpolates between these two regimes.
Using this procedure, analog to the one developed in Ref. [4] , we conclude that the Kasner spacetime is unstable at late time since δ (2) C 2 decreases with time slower thanC 2 , which means that the Weyl tensor of the perturbation always dominate the Weyl tensor of the homogeneous space at late time. Indeed, for a given mode the late time asymptotic regime is reached when
(4.58) At any given time η, we denote by B(k, η) the set of modes such that η > η late k so that Eq. (4.9) implies that
which is diverging at late times, we deduce that Ξ (2) (k, η) is diverging at late times. This is compatible with the analysis of Ref. [4] for the case of an axisymmetric Kasner spacetime, as well as with earlier findings [2, 4] on the amplification of gravity waves in anisotropic inflation during the shear dominated era, which can be described by a Kasner era of finite duration.
At early time the conclusion depends on the choice of the modes that are considered. We have shown that if decaying modes are present then the spacetime is unstable when η → 0, following the same argument as above but with the modes such that
, (4.60) whereas it is stable if one imposes to have only growing modes since then Ξ (2) remains bounded. As pointed out in [4] (see Appendix B), this result is compatible with the analysis by Ref. [6] where it was pointed out that a condition on the perturbations should be imposed for the spacetime to be stable when η → 0. As explained in Ref. [4] , this condition precisely kills the decaying modes N λ I for both perturbations.
In order to compare our analysis to the existing literature, we consider the particular case of an axially symmetric case with ̟ = π 6 . This particular case was studied in Ref. [4] and corresponds to the axisymmetric case
In that case, and in that case only, we perform a permutation of the axis (3 → 1, 2 → 3 and 1 → 2) with respect to the parameterisation of angles given in § III B so that the special direction is the first axis (labelled by the index I = 1). After deriving the gravity wave equation ( § V A) and showing that the two polarisations are decoupled at all times (and not only asymptotically as for a generic case), and expressing the vector and scalar perturbation ( § V B), we investigate the late ( § V C) and early ( § V D) time behaviours (and the interpolation of the exact numerical integration between these two asympotic regimes in § V E).
A. Gravity wave equation
We set k
, so that Eq. (3.9) takes the form
and we shall assume that k 1 k ⊥ = 0, since otherwise we are back to § IV B. Because of the rotational invariance, Eq. (3.14) implies that the Euler angle γ is constant 4) so that Eq. (3.15) implies that α ′ = 0. We can thus choose α = 0.
(5.5)
The Euler angle β is obtained from Eq. (3.13) It follows that Eqs. (3.11-3.12) simplify to
The components of the shear then take very simple expressions. Eq. 
These expressions satisfy indeed Eq. (3.21) and are depicted on Fig. 4 . We recover the behaviour (4.13) for Σ , (4.14) for Σ V a and (4.16) for Σ T λ . Since Σ T × = 0, the two polarisations decouple and their equations of evolution (3.36) simplify to
where we have used that
We emphasize that our expressions agree with those of Ref. [4] (see for instance Eq. (40) of that reference).
B. Scalar and vector perturbations
The expressions of the scalar perturbations are therefore
that derives from Eq. (3.31) from which we deduce that Eqs. (3.32-3.33) reduce to
The absolute value of the coefficient in Eq. (5.14) evolves from ν
and Φ a vanishes both at early and late times.
C. Late time behaviour
At late times, the wave-number behaves as k ∼ k 1 η/η 0 so that x ∼ k 1 η 0 (η/η 0 ) 2 . For the two polarisations, the growing and decaying modes entering the solution (3.37) behave as
The two modes combine to modify the phase so that the general solution is
The behaviour of the scalar and vector perturbations are therefore easily obtained since β → π 2 , i.e. 20) so that Σ ∼ −2 while Σ V 1 ∼ 3 sin β and Σ T + ∼ −3 sin 2 β/ √ 2. It follows that
and
These expressions can then be inserted in Eq. (4.39) that is valid for ̟ = π 6 to conclude that at late time, the polarisations contribute in the same way to Ξ (2) as 23) which is equivalent to our prior result (4.49). The result for the × polarisation matches the results of Ref. [4] up to normalisation factors of the transfer functions, but it appears to be different from the conclusions on the + polarisation. Asymptotically, the Fourier mode is aligned with the preferred direction of the spacetime, and it turns out to be difficult to compare our result with Ref. [4] given that most expressions of their formalism are singular for a mode along that special direction. We are confident that our result is correct in that limit since from Eq. (4.49) we find thatC 2 Ξ
λ , which is the perturbation of the square of the Weyl, when expressed in terms of the transfer function takes the form
This is formally the same expression as for a pure Minkowski space-time [see (Eq. B5)], which is expected when one takes the small scale limit.
D. Early time behaviour
At early times, the wave-number behaves as k
, which goes to zero. As in § IV E, we cannot neglect the decaying mode. We can use the expression of Ξ (2) obtained in § IV E since it is well-behaved when q 3 → 26) from which it follows that
Asymptotically, we have from Eq. (C4) that
Σ ∼ 1 while Σ V 1 ∼ 3 cos β and Σ T + ∼ −3/ √ 2 and it follows that T X,× = T Φa,× = 0 and
(5.30) With these expressions, we conclude that at leading order, the contributions of the two polarisations to Ξ (2) are
× → 
the asymptotic behaviours of which are
It allows to conclude that the contributions of the two polarisations to Ξ (2) are
As expected both terms diverge when η → 0.
E. Interpolation between the two regimes
The transition between the two asympotic regimes is illustrated on Fig. 4 for the components of the shear. While the transition is quite sharp, it is shifted depending on the value of k ⊥ /k 1 .
Then, we can integrate numerically Eq. (5.11) for different modes. This exact numerical solution is compared in Fig. 5 to the two asymptotic forms, which demonstrates that the transition is sharp even for the evolution of the modes. In Fig. 6 , the full numerical solution of Ξ (2) λ (k, η) is compared to the two asymptotic behaviours described in §V C and §V D . This shows explicitely the validity of the asymptotic expansions.
VI. CONCLUSION
We have performed the stability study of a generic Kasner spacetime with respect to linear perturbations using the formalism developed in Refs. [1, 2] . Since Kasner spacetimes are solutions of the vacuum Einstein equations, one expects only two degrees of freedom to propagate, which we explicitely demonstrate. They can be identified with the two polarisations of gravity waves. The extra scalar and vector components of the metric are then obtained algebraically from constraint equations. Contrary to a Minkowski or de Sitter spacetime, they do not strictly vanish because the spatial sections are not isotropic anymore.
We have shown that for any Fourier mode, the behaviour of the gravity waves interpolates between two asymptotic regimes, at early and late times, in which the mode can be considered almost aligned with a principal axis of the spatial metric. Interestingly, in this limit the gravity wave equation can be integrated analytically. This allows to set a lower bound on the square of the Weyl tensor generated by the perturbations and compare it to the one of the background. We have concluded that at late time the Kasner spacetimes were unstable with respect to linear perturbations but in the particular case of ̟ = π 2 , which corresponds to an axisymmetric configuration, product of a two-dimensional Milne spacetime and a two-dimensional Euclidean spacetime, which actually maps to one quarter of the Minkowski spacetime. At early time, the conclusion depends on the modes included in the analysis. If one includes decaying modes, the Kasner spacetimes are again unstable while stability to linear perturbations is recovered only if the growing modes are excited. This latter result was already known since Ref. [6] and our analysis confirms the one of Ref. [4] that was limited to the particular case of an axisymmetric configuration with ̟ = π 6 . This result is also compatible with the amplification of gravity waves during the shear dominated era of an anisotropic inflationary phase described by a Bianchi I spacetime [2, 3] . This is amplification of a remnant of the instability described in this article for a finite Kasner era.
This result has some importance concerning the dynamics of the universe close to the singularity. On the one hand, the succession of Kasner era in the BKL formalism and the rotation of the Kasner axes from one era to the other was studied by assuming homogeneous behaviour, i.e. assuming the inhomogeneity scale was larger than the mean Hubble patch [22] . The instability at early time (i.e. going toward the singularity) can alter the conclusions on the approach of the singularity, even though each Kasner era has a finite duration. In particular, as soon as the effect of the gravity wave is large enough, the backreaction would have to be taken into account, and it is not clear that the evolution toward the singularity follows a series of BKL oscillations. This requires further investigations that go beyond perturbation theory, see e.g. Ref. [23] . On the other hand, the instability at late time could also be relevant in models where the preinflationary era is described by an anisotropic era. The gravity waves modes generated during this era can potentially be observed [2, 4, 24] if the number of e-folds during inflation is not too large and their presence can modify the onset of inflation.
Besides the speculative phenomenology of the early universe, our result sheds some light on the peculiarity of the Kasner spacetimes among the class of homogeneous vacuum solutions of Einstein equations.
